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Abstract 
Corominas (1990) introduced the following notion for posets: 3’ is projective if every map 
f : 9 x 9 -+ B which is order-preserving and idempotent is one of the two projections. 
Since then, extensions of this notion to other structures than posets, as well as maps with n 
variables, have been considered (Davey et al., 1994; Pouzet et al., 1996; Abels, 1998). Arrow’s 
impossibility theorem (for linear orders) has been rephrased as the projection property of a 
relational structure made of some equivalence relations on the collection PC,, of linear orders on 
an m-element set (m>3) (Pouzet et al., 1996). We prove a stronger result: the permutahedron 
g,,,,, graph dejked by the union of these equivalence relations, is afine projective. @ 1998 
Elsevier Science B.V. All rights reserved 
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1. Introduction 
This paper is motivated by the relationship existing between a projection property, 
first introduced for posets by Corominas in 1990 [9], and the Arrow’s impossibility 
theorem, a fundamental result in social choice theory [2]. This relationship, exposed in 
[32], lead us to investigate the projection properties of the permutahedron. Extensions 
to Tits buildings have been considered by Abels [l] (this volume). The result we 
present can be viewed as a strengthening of the Arrow’s theorem, in the special case 
of linear orders. 
Permutations on an m-element set generate a polytope, a poset and a graph. These 
three aspects have been intensively studied in social sciences, particularly, at the Ecole 
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des Hautes Etudes en Sciences Sociales in Paris, (e.g. see [ 16,22,26-281). Our paper 
is about the third one. The permutahedron is the symmetric and reflexive graph PC,,,) 
whose vertex set is the collection PC,,,, of linear orders on an m-element set, two linear 
orders L,L’ forming an edge, a fact we denote L N L’, if they differ by at most one 
comparability. Our result is this 
Theorem 1.1. Let n,m be two integers, P” be the direct product of n copies of 
P := PC,,,, and F be a map from P” into P. Suppose that F is 
1. idempotent: F(L, . . . , L) = L for every L E P; 
2. afine: for every 9 = (L, ,..., L,), 9’ = (Li ,..., LL) in P”, andL,L’ in P, tfLk = L 
and LL = L’ for all k such that Lk # LL, and L cv L’ then F(9) N F(9). 
Then F is a projection (that is F(L,,...L,) = Lk for some$xed k E {l,...,n}) 
provided that m > 3. 
The paper is organized as follows. 
In Section 2, we present the projection property of Corominas and some variant, 
notably the alTine one. We derive Theorem 1 from a criterion for afhne projectivity. 
We prove it in Section 3. Arrow’s impossibility theorem is presented in Section 4 and 
an interpretation of our result given there. Section 5 presents some questions, notably 
on Tits buildings. 
The result mentioned above was presented fkst at the 10th Conference in Combina- 
torics in Bielefeld (19-23 November 1990). 
2. Projection properties 
The Corominas notion [9] is this: 
A poset B is projective if the only maps f : 9 x 9’ -+ 9’ which are both order- 
preserving (that is XQX’ and y< y’ imply f(x, y)< f (x’, y’)) and idempotent (that is 
f (x,x) = x for all x ) are the first and second projection. Linked to universal alge- 
bra (see [lo, 1 l]), Corominas notion has motivated further research (see [12,13,18-20, 
23-251); it plays a crucial role in the recent solution of a long-standing conjecture in 
lattice theory [33]. Extensions of this notion to other structures than posets, and to maps 
with more than two variables have been also considered [ 11,321. In this respect, recall 
that if V is a set, n is an integer and V” the set of n-tuples (XI,. . . ,x,) of members of V 
then the projections are maps Pk : V” -+ V,(k = 1,. . . ,n) defined by p&I,. . . ,x,,) = 
xk; a map f : V” -+ V is idempotent if f(x,. .., x) = x for all x E V, it is symmetric 
(a notion we will use further) if f(xb(l), . . . ,x~(,)) = f (xl,. . . ,xn) for each permuta- 
tion 0 of 1 , . . . , n. In a concrete category, with finite products, a structure W on a set 
V is n-projective if the only morphisms f : 9” -+ 92 which are idempotent are the 
projections. If the constant maps are morphisms, then n-projectivity, n>2, essentially 
amounts to 2-projectivity. There is just one exception, namely the case for which 9 
can be endowed with a vector space structure over the two element field, and its 
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morphisms are those preserving all the congruences of this vector space (see [32] and 
also [ 111). If W is a relational structure, then 6%” is the usual Cartesian power. There 
are other notions for products and powers, each one leading to a projection property. 
In this paper, we deal only with binary relational structures, their Cartesian powers, and 
their afJine powers, a notion introduced in [32]. Here are the notions we need. 
A binary relation on a set V is a subset E of V x V and the pair 9 = (V, E) is called a 
binary relational structure; this terminology is also used for pairs W = (V, (.zi, i E I)) 
where (si,i E I) is a family of binary relations on V. Given W = ( V,E), we write 
x N y instead of (x, y) E E, or x 2 y(mode) or x N y (mod%‘) if there is some 
risk of confusion. The relation E is reJIexive if x N x holds for every x E V and 
symmetric if x N y implies y N x. In this case, we will say that W is a rejexive 
and undirected graph or simply a graph; elements of V are then the vertices of this 
graph, whereas pairs {x, y} such that x 2 y are the edges (or loops if x = y). If 9 is 
a graph, a path in 9 is a sequence P = (x0,. . . , x,) of vertices SO that xi N Xi+1 for 
all i = 0 , . . . ,m - 1, its end-points are x0,x,. The graph is connected if every vertices 
x and y are the end points of some path. In this case the graphic distance is the map 
d,# : V x V -+ N where d.s(x, y) is the length of the shortest path with end-points 
x, y. A path P = (x0,. . . , x,) is geodesic if d,&xO,x,) = m. Given an integer m 23, 
the (reflexive) cycle Vm is the graph with vertices 0, 1, . . . , m - 1, two distinct vertices 
i, j being joined by an edge if i - j = d (mod n) for some 19 E {-1,l). 
Let 9 := (V,(Ei,i E I)), 9’ := (V/,(&i, i E I)) be two binary relational structures, 
a map f : V + V’ is a relational homomorphism from W to 9’ if x P y(mod si) 
implies f(x) 21 f(y) (mod E() for every i E I. This is a co-retraction if there is some 
morphism g : 92’ 4 9 such that g o f = 1,x, in this case such g is a retraction. We 
say that 9 is a retract of 9’ if the identity map lti is a co-retraction from W into 
9’. Here, homomorphisms between graphs are called edge-preserving maps. 
Let .%?k := (V,,&k), (k = 1,. . ., n) be a family of n binary relational structures. 
We recall that the Cartesian and Hamming products of the &k are the binary relations 
&I x ..’ x E, and ~1 0 ... 0 E, defined on W := El x . . x E,,, the set-product of the 
vk, as follows: if x = (x1,. . . ,&), 7 = (y],. . . ,y,) E w 
then 
0 2-7 (mods, X ... X E,) if xk N yk(mOd&k) for all k = l,...,n; 
??x Y y (mods, I-J... 0 E,) if xk 2 yk (mod&k) for some k and XI = yl for all 
1 # k. 
If all the !%k are the same 9 := (V, E), we denote, respectively, E” and ~~~ these 
products. We define the aftine power of E as the binary relation 8” on W := V” as 
follows: 
?? X cv u(mod$“) if there are some x’, y’ E V, some non-empty subset K of 
{l,...,n} such that X’ N y’(mod E), xk = x’,yk = y’ for all k E K and xk = yk 
for all k $! K. 
If E is reflexive, this condition reduces to the fact that there are x’, y’ E V such 
that X’ N y’(mod E) and xk = x’, yk = y’ for all k such that xk # yk. The carte- 
sian and Hamming products of .!%k := (V,, (&k,i, i E I)), k = 1,. , n are, respectively, 
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w, x ... x a, := (Fv,(&,,j x ... x e,,i, i E I)) and 9%‘~ 0 . . . 0 9, I= (W,(&l,i 0 . . . 
??E,,i, i E I)); as it is well known, these products are associative. If all the g)k are the 
same 9$? := (V, (si, i E I)) we denote it 9” and .%? and we use the term power instead 
of product. The afine power is gA” := (V”, (tin I , z E I)). Maps f from V” to V which 
are morphisms from &?“, resp. 9?O”, resp. gA”, to %? are Cartesian, resp. Hamming, 
resp. affine morphisms. The projections pk (k = 1,. . . , n) are examples of such mor- 
phisms (provided that, in the two latter cases, each component of W is reflexive) and 
they are idempotent. If there are no other idempotent morphism then W is n-cartesian, 
resp. Hamming, resp. afine projective. 
Let 9 := (V,(Ei,i E I)) be a relational structure and f be a map from V” into V. 
Identifying V” to V{‘,...,n), the set of maps from { 1,. . . ,n} into V, let K be a non- 
empty subset of { 1,. . . ,n}, 7 E V{‘,..J)\K and a7 : V + V” be the map defined by 
UT(x)(k) = F(k) if k cf K and ay(x)(k) = x otherwise. As one can easily see, the 
map f is alfine, that is a morphism from An 9 into 9, if and only if the composition 
f oay is a endomorphism of W for every non-empty K and y. Affine morphisms were 
defined in [32] by means of this property, without recourse to @“. Subsets of V” 
which are the images of V by some a, are usually called combinatorial lines; for that 
reason, we used the word afine. Suppose that f is a Cartesian morphism then f is 
affine provided that 9? is made of reflexive relations (the only case we consider in this 
paper); if f is affine then f is a Hamming morphism (a fact which does not require 
reflexivity), and if f is a Hamming morphism then f is Cartesian provided that 9 
is made of quasi-orders. Also, if f is aIfine, resp. Hamming, then f is affine, resp. 
Hamming, with respect to ?% := (V, U{Ei, i E I}). From these observations follows first 
that afine projectivity is intermediate between Hamming and Cartesian projectivity, 
these three notions being the same if 93 is made of quasi-orders, and particularly of 
equivalence relations. And next, that 9 := (V, (Ei, i E I)) is n-a&e projective, hence 
n-projective, whenever ?? := (V,u{~i,i E I}) is n-afine projective, a property we will 
apply in Section 4. From it follows easily that if a (reflexive undirected) graph C+ is 
n-affine projective then all orientations of 9 are n-projective; this simple test was one 
of the initial motivations for introducing affine projectivity, cf. [32]. 
In full generality, Hamming and affine projectivity coincide for n = 2; in the case 
of a reflexive binary relation on a set V, it reduces to the simple statement that the 
two projections are the only maps f : V x V + V such that 
1. f(x,x) =x for all x E V; 
2. f(x’,y) = f(x,y) = f(x,y’) w h enever x’ 11 x and y N y’ for all x,x’, y, y’ in V. 
For n > 3, Hamming projectivity is quite exceptional. Delhomme (cf. [ 121) observed 
that a reflexive graph 9 := (V, E) on m vertices cannot be n-Hamming projective for 
n > 2m - 1. Indeed, any form of projectivity requires the graph to be connected. But, 
as he shows, if 99 is connected then 3 is the image of XXV”‘, the nth-Hamming 
power of XV, the (reJEexive) complete graph on V, by some edge-preserving map 
f which is idempotent and symmetric. The proof is simple and worth recalling. It 
relies on two observations. First, B is the image of a path 9 with q vertices, for 
some q, q 6 2m - 1, by some edge-preserving map. Next, if 9 is the path with vertices 
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1 ,...,q~othatiNjifandonlyiflj-il~l,thena(y~,...,y,),theintegerpartofthe 
arithmetic mean of yl, . . . , y,,, defines an edge-preserving map from the nth-Hamming 
power of the (reflexive) complete graph on { 1,. . . , q}, onto 9, provided that n 24. 
In order to conclude, set q := 2m - 1, n > q, and 9 be the path with q vertices. 
From the first observation, one can find some edge-preserving map g : 22 --+ 9 Let 
h be some section of g (h do not need to be edge preserving). Set f(xl,. . .,x,,) := 
Qoa(h(xl),...,h(x,)). 0 
Theorem 1.1 states that the permutahedron PC,,,) is n-a$‘ine projective for all integer 
n, provided that m 23. The proof follows from Corollary 1, Theorems 2.2 and 2.3 
below. 
Theorem 2.1 (Pouzet et al. [32, Theorem 1.51). Let 9 be a relational structure, then 
the following are equivalent: 
(i) 9 is n-a&Se projective for every integer n; 
(ii) A? is 2-afine projective and there is no ternary afine morphism f : R3 + B 
which is a minority operation, that is which satisfies 
f (x,x, Y) = f (x, y,x) = f (y,x,x) = y for all x, y. 
Corollary 1. The following are equivalent: 
(i) 9 is n-afJine projective for every integer n; 
(ii) .@ is 2-afine projective and some non-trivial retract is n-afine projective for every 
integer n. 
Proof. (ii)+(i): Observe that if f : g3 -+ 8 is a minority operation and r : i?3 + 8’ 
is a retraction then f’ := ro f induces a minority operation on B’. 0 
Theorem 2.2 (Pouzet et al. [32]). For each m 25, the cycle WM is n-afline projective 
for all integer n. 
Theorem 2.3. Let 9 := (V, E) be a reflexive and undirected graph, then 9 is two-afJine 
projective provided that 
1. $9 is connected; 
2. 9 has no triangle; 
3. there is a family V(i E I) of subsets of V such that for each i E I: 
(a) the induced subgraph 9i := (Vi,s]r,) is 2-afine; 
(b) for every x E V \ Vi, y E Vi there is some retraction ri : 9 + ?Ji such that 
ri(x) = Y; 
(c) there is no isomorphism from %i 0 2, the Hamming product of 9, and the 
two-element clique, onto an induced subgraph of 9 which fixes %i; 
(d) each pair of vertices x, y of V is on some geodesic path whose end points 
belong to V’ := U{ V, : i E I}. 
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Proof of Theorem 1.1. We use induction on m. 
Case (1): m = 3. The graph 9~s) is isomorphic to 55’6, the six-element cycle. Ac- 
cording to Theorem 2.2, 9~s) is n-alhne projective for all n, proving Theorem 1.1 in 
this case. 
Case (2): m > 3. We suppose that Theorem 1.1 has been proved for m’ < m. We 
show first that 9’o,,) satisfies the three conditions of Theorem 2.3. 
Conditions 1 and 2: The facts that the permutahedron is connected and has no 
triangle are well-known and, also, easy to see. Indeed, the distance between two linear 
orders L and L’ is (‘;) - 1~5’1~51 wh ere LnL is the set of their common comparabilities. 
Moreover, PC,, is bipartite. 
Condition 3: Let 9 := PC,,,), where the vertex set Y is the set of linear orders on 
E. Set I := E and let i E I. Set Ei := E \ {i}, V be the set of x E V such that i is the 
first element of the linear order x and 59i := $1 I$ be the graph induced by 9 on vl:. 
1. The map (Pi which associates to each x E 6 the restriction of this linear order to 
Ei is clearly an isomorphism from %i onto Pc,,_i). From our induction hypothesis, 
P(m_l) is n-affine projective for all n, hence $i is two-affine projective, that is 3(a) 
holds. 
2. Let x E V; let Yi(x) be the linear order obtained from x by putting i at the first 
place (that is: if x = a < b. . < i < . . ., then Yi(x) = i < a < b < . . .). This 
defines a retraction ri from Y into %i. Let x E V \ Vi and y E & such that x N y. 
Then x and y differ on the first two elements, that is: x = a < i < b < . . , 
y=i <a < b < .... Hence, ri(x) = y. Consequently, 3(b) holds. 
3. Letx=:i <a <b < ... and y=:i <b <a < ... withx- y. Ifx’,y’E V\V 
with x N x’ and y N y’ then 
~‘=a < i < b < ..., 
y’= b < i < a < . . . . 
Consequently, x’ 74 y’. 
This says that x and y cannot be completed into a square (a %d) with elements 
of V \ Vi. Hence, 3(c) holds. 
4. V = U{V,i E I}. In particular, 3(d) holds. 
From Theorem 2.3, 9~~) is 2-affine projective. 
From the proof of 3(b), P(,,,_i) is a retract of PC,,. From our induction hypothesis, 
9(m-l) is n-affine projective for all n. From Corollary 1, 9~~) is n-affine projective for 
all n. ??
Theorem 2.3 looks a bit technical. With a stronger requirement the situation is clearer. 
Delhomme proved that for a finite graph 9 with no triangle and no square, the 2- 
Cartesian projectivity, the 2-afJine projectivity, the n-afine projectivity for all n, and 
the fact that ‘9 is connected with no pending vertex, are all equivalent, see [13]. 
However, since the permutahedron contains many squares, his result does not help us 
here. The reader will note that it can be obtained as a consequence of our Theorem 2.3. 
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3. Proof of Theorem 2.3 
We need the following lemmas. 
Lemma 1. Let 93 := (V, E) be a rejexiue and undirected graph. If Y is 2-afine 
projective then there is no edge preserving map cp : Q -+ Y which is distinct from 19, 
the identity map, connected to it (that is x N q(x) for all x E V) and has a fixed 
point. 
Proof. Let cp be connected to 19 and xo be a fixed point of cp. Define f : V x V --+ V 
setting f (x, y) = y if x # x0 and f (x, y) = q(y) otherwise. This map is idempotent and 
edge-preserving w.r.t. each variable. Since Q is 2-alline projective, f is a projection. 
Due to the definition of f, this is the second one, proving cp = 1~. 0 
Lemma 2. Let 3 := (V, E) be a rejlexive and undirected graph, V’ c V, r : V + V’ 
be a retraction from 99 onto 9’ := (V’, E[~I), the subgraph induced by ‘3 on V’. 
Let q : $9’ + Q be an edge-preserving map which is connected to 19, and such 
that cp’ := romp has a fixed-point. 
1. If 9’ has no endomorphism distinct from the identity, which is connected to it and 
has a jixed point then cp’ = 19,. 
2. If moreover, Y contains no triangle and 59’ is connected, then: 
(a) if cp has a jixed point, then cp = 19, 
(b) if q has no $xed point, then q : V’ x 2 + V, deJined by Cp(x,O) = x and 
$5(x, 1) = p(x) for all x E V’, is an isomorphism from 9’ 0 2 into $9. 
Proof. 1. Clearly, cp’ is an endomorphism of 9’ which has a fixed-point. In order to 
prove that this is the identity on Y’, it suffices to prove that it is connected to it. Let 
x E V’; since cp is connected to 1 9, we have x 2: q(x) for all x E V’; since r is 
a retraction, we have x = r(x) pv r,cp(x) = q’(x) for all x E V’, proving that (p’ is 
comected to 1~ 0 . 
2. Let Fixcp := {x E V’ : q(x) = x}. 
(a) Suppose Fix cp # 0. Let x E Fix cp and y E V’ such that x N y. We claim 
that y E Fix q. Indeed, from x pv y we get x = q(x) z q(y) and since 
cp is connected to 191, we get q(y) E y. Since 99 has no triangle, we get 
y(y) E {x, y}. Since x is a fixed point of cp, this is a fixed point of cp’ := r,q, 
hence, from 1, r,rp = 19). This implies q(y) = y, proving our claim. From this 
claim, Fixcp is an union of connected components of ‘3’. Since 9’ is connected, 
Fix cp = V’, that is cp = lyf. 
(b) Suppose Fix cp = 0. First, we check that 7J is injective. Since r,cp = lgf the 
map cp is injective, hence it suffices to prove that cp( y) = x is impossible with 
x and y in V’. If not, then y = r,,cp(y) = r(x) = x, hence x = y contradicting 
Fixcp = 4. 
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Next, let X = (x, i). and 7 = (y,j) be two vertices of 9’ 0 2. We check that 
-- 
@X) N q(x) if and only if x rv 7. 
Cusel:i=j.Inthiscasex~yamountstoxNy.Ifi=j=O,then~(~)=x 
and v((v) = y, in which case there is nothing to prove. If i = j = 1 then F(X) = cp(x) 
-- 
and p(y) = q(y). The equivalence between x N y and q(x) N q(y) holds because rp 
is edge-preserving and romp = 19,. 
Case 2: i # j. In this case x N 7 amounts to x = y. Since 9’ 0 2 is symmetric, we 
may suppose i = 0 and j = 1, hence q(x) = x and Cp(y) = q(y). Since cp is connected 
-- -- 
to lg/ we have x 2 q(x). If x E 7, this amounts to q(x) N q(y). Conversely, suppose 
-- -- 
q(x) N q(y), that is x N q(y). Since r is a retraction and romp = lg/, we have x z y 
and since cp is connected to the identity we have y N q(y). Since there is no triangle 
in ‘9, it follows that x E {y, q(y)}. As we have checked above q(y) = x is impossible, 
hence x = y, that is x N 7. 0 
Lemma 3. Let 9 := (V, E) be a rt$exive and undirected graph, f : V x V + V be a 
binary operation which is idempotent and edge-preserving w.r. t. each variable. If 9 
contains no triangle, then for every integer m and every path P := (x0,. . . ,xm) such 
that dg(xO,x,) = m, the following conditions are equivalent: 
1. dg(xi, f(xi,x,)) = m - i for all i<m; 
2. f (xi,xj) = xi for all i, j such that i < j 6 m. 
Proof. The implication (2) -+ (1) is trivially true. We prove the reverse implication 
by induction on m. It holds trivially for m = 0. Suppose m > 1 and the implication 
holds true for every path of length at most m - 1. Let P as above satisfying (1). 
Let P’ := (x1 , . . . ,xm). We have dg(xl,x,) = m - 1, hence induction applies, giving 
f (xi,xj) = xj for all i, j such that 0 < i < j <m. It remains to prove that f (xo,xj) = xj, 
(*) for all j Q m. We prove it by induction on j. Since f is idempotent, (*) holds for 
j = 0. Suppose j > 0 and f (xo,xj_1) = x,-l. Since x0 N xi,xj_i 2: xj and f is 
edge preserving, we have f(xo,xj-1) rv f(xo,xj) N f (xl,xj). But, from our hypothesis 
f(xo,xj-1) = xj-1 and f(xl,xj) = xj, hence xi-1 P f(xo,x,) N xi. Since xi-1 N xj 
and 9 contains no triangle, it follows that either f(xo,xj) = x,-l or f (xo,xj) = xi. 
The former case contradicts (1) hence the latter holds, proving (*). 0. 
Lemma 4. Let 4 := (V, E) be a re$exive and undirected graph, f : V x V --f V be a 
binary operation which is idempotent and edge-preserving w.r.t. each variable, V’ be 
a subset of V and ‘9’ := (V’, E[~I) be the subgraph induced by 9 on V. 
(i) Suppose that: 
(1) ‘9 has no triangle; 
(2) 9’ is a retract of Y and is 2-afJine projective then f ivJX “,, the restriction of 
f to V’ x V’ is one of the two projections. 
(ii) Suppose, moreover, that: 
(3) 99 is connected; 
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(4) For every x E V \ V’ and y E V’, such that x 2: y there is some retraction: 
r : 29 + 9’ such that r(x) = y; 
(5) There is no isomorphism from 9’ ??2 into 3 which fixes 99’. 
Then, 
- either f (x, y) = x for all x E V’, y E V, (pi ) 
-orf(x,y)=yforallxEV,yEV’. (P2) 
Proof of (i). Let r : V + V’ be a retraction from Y onto 9’; Let f : Y’ x V’ + V’ 
defined by 
f’(x, y) = r(f(x, y)) for all x, y E V’. 
The operation f’ is idempotent and edge-preserving w.r.t. each variable. Since 9’ is 
two-affine projective, f’ is one of the two projections. 
Suppose f’ is the second one. 
Claim. f restricted to V’ x V’ is the second projection too. 
Proof. Since 9’ is two-affine projective, 9’ is connected, hence we may prove that 
f(x, y) = y for all x, y E V’ by induction on dyt(x, y). Let x, y E V’ and m = 
dCq,(x, y). If m = 0 then x = y, hence f (x, y) = f(x,x) = x and the property holds. 
Suppose m > 0 and f (x’, y’) = y’ for all x’, y’ E V’ such that dg/(x’, y’) < m. Let 
P := (x(), . . .,x,,) be a path in 9’ such that xo = x’,x, = y’ and d~~(xo,x,) = m. Since 
the map z + f(xa,z) is edge-preserving and f (x0,x0) = xo we have 
Since r is edge preserving and f’ is the second projection we have 
dv,(xo>x,,)<d&o,f’(xo.x,)). 
Since 9’ is an induced subgraph of 9 we have 
Finally, we obtain 
d&0,x,) = d&o,f(xo,x,)) = m. 
From our induction hypothesis f (xi,xj) = xj, hence dg(xi, f (xo,xj)) = j - i, for all 
i,j such that O<j - i < m. The path P in 8, satisfies condition (1) of Lemma 3, 
hence f (x0,x,) = x,, that is f(x, y) = y as required. 
Suppose that f’ is the first projection. In this case, let fd : V x V + V defined 
by f d(x, y) = f (y,x). Then ro f d is the second projection and the result above shows 
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that f” is the second projection on V’ x V’, proving that f is the first projection on 
V’ x V’. 0 
Proof of (ii). Note that conditions 3 and 4 imply condition 2. From (i) f restricted 
to V’ x V’ is either the first or the second projection. With no loss of generality, we 
may suppose that this restriction is the second projection (otherwise, consider the map 
fd : V x V -+ V defined by fd(x, y) = f(y,x). We check that (~2) holds. This is 
trivially the case if V’ = V, hence we will suppose V’ # V. Given n E V, let 
d&, V’) = Min{d&, y): y E V’}. 
Since ‘3 is connected, this quantity is well defined. We prove by induction on m = 
&(x, V’) that 
f(x, y) = y, for all y E V’. 
If m = 0, then n E V’. Since f restricted to V’ x V’ is the second projection 
then the above assertion holds. Suppose m > 0. Let cp : V’ --t V defined by setting 
V(Y) = f (4 Y). 
Claim 1. cp is connected to 19,. Indeed, select x’ E V such that x P x’ and dy(x’, V’) = 
m - 1. From x 11 x’ we get f (x, y) pu f (x’, y) and, from the induction hypothesis, we 
get f (x’, y) = y, hence q(y) 2~ y, as claimed. 
Let z E V’ such that d&z) = &(x, V’). 
Claim 2. If q(z) # z then q(z) 6 V’. Indeed, let P = (x0,. . .,x,) be a path from 
x = x0 to z = x,. From the induction hypothesis, we have f (xi, x,,, ) = x,, hence 
dy(Xi, f (Xi, X,)) = m - i, for i = 1,. . . m - 1. Suppose q(z) # z that is f(xo,x,) # xm. 
According to Lemma 3, we have &(x0, f (x0,x,)) # m. Since f is edge preserving 
w.r.t. the second variable and f(xo,xo) = x0, we have &(x0, f(xo,xm))<m, hence, 
dy(xg, f (xo,xm)) < m, that is &(x, q(z)) < m proving q(z) 4 V’. 
Claim 3. There is a retraction Y : Q + 3’ such that r,cp fixes z. Indeed, if q(z) = z, 
any retraction will do. If p(z) # z then from Claim 2, q(z) E V \ V’ and, from Claim 
1, z z q(z), hence condition 4 applies. 
Claim 4. cp = 19~. Observe that since 9’ is two-affine projective, it must be connected. 
If it has no edge, then it reduces to the vertex z but since V’ # V and $9 is connected, 
there is an isomorphism from 9’ 0 2 onto an edge of 9 which fixes z contradicting 
condition 5. Hence, condition 2 of Lemma 2 is satisfied. From condition 5 of the 
present lemma, the conclusion of (b) of Lemma 2 does not hold, hence rp has a fixed 
point. And thus cp = 19,. This says that f (x, y) = y for all y E V’, as claimed. c] 
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Proof of Theorem 2.3. Let Y := (I’, a) be a graph and a family vi (i E I) such that 
the hypotheses of the Theorem 2.3 are satisfied. Let f : V x V + V be a bi- 
nary operation which is idempotent and edge preserving w.r.t. each variable. Accord- 
ing to the previous lemma, for each Vi the map f satisfies either condition (pr ) or 
condition (~2 ). 
Obviously, we may suppose Vi # V for each i E I. We may also note that none of 
the Vi is a singleton. 
Claim. If f satisfies (~2) for some Vi, then it satisfies (~2) for all vI:‘s. Otherwise, let 
V,, for which f satisfies (pr ), select x E Vi,, y E Vi2 with x # y. Condition (pi) gives 
f (x, y) = x whereas condition (~2) gives f (x, y) = y a contradiction. In other words 
f satisfies (~2) on V’ := U{ Vi : i E I}. Let X, y be two distinct vertices of V and let 
P be a geodesic path with end points in V’ which contains x and y. We may label 
the path x0,. . . , x, in such a way that x = x,,y = xj and i < j. Since f (xp,x,) = x, 
for all k = 0,. . . , m, Lemma 3 asserts that f (x, y) = y. Proving that f is the second 
projection. 0 
4. Arrow’s impossibility theorem 
Arrow’s theorem has generated an enormous literature; see [2,21] for the general 
theory and, for an approach in terms of ordered sets, the lively introduction of [31], 
the survey of BarthClCmy et al. [5], and the paper of Monjardet [29]. We present it in 
the following setting. The members of a selection committee have to make a decision 
about applicants to a position. Once each member has expressed his own preferences, 
the problem is to transform these individual preferences into a collective one. For 
example, if each member has made an ordered list of his preferences, how to make 
the final list? A vote will not necessarily do (except if there are only two candidates 
and an odd number of members), it could produce a tournament, rather than a linear 
order. This is the well-known Condorcet Paradox. 
Instead of looking at other particular processes, the approach delineated by Arrow 
was to look at general conditions the process must fulfill and on which everybody 
could agree. Arrow considered weakly ordered lists (allowing indifference between 
the candidates). For sake of simplicity, we consider here the special case where the 
lists are linearly ordered (leaving the general case to further study). In this case, 
there are two natural candidates. The first one, called unanimity, is that if everybody 
prefers candidate a to candidate b, then the process will stick to this choice. The 
second, called independence, is that the collective preference between a and b does not 
depend upon the preferences expressed by the members on other candidates. Arrow’s 
Theorem asserts that, in this case, these two conditions, highly desirable, are only 
satisfied if the process consists of selecting the preference list of a fixed member. For 
this reason, this result is known as the ‘dictatorship’ theorem or the ‘impossibility’ 
theorem. 
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Let us translate this in terms of linearly ordered sets. If L is a member of PC,,, the 
set of linear orders on an m-element set E and and a, b E E, we write aLb to express 
the fact that a precedes b in L. 
Theorem 4.1 (Arrow [2]). Let E be ahnite set, with at least three elements, and let 
P := PcM) be the set of all linear orders on E. 
Suppose F : P” --) P satisfies the two conditions: 
(i) unanimity: For every (L, ,..., L,) E P”, L := F(L, ,..., L,),a,b E E, ifaLkb, for 
k = l,..., n, then aLb; 
(ii) independence: For every (LI,. . .,L,),(L{, . . .,Lh) E P”, L = F(Ll,. . . ,L,), L’ = 
F(LI,,..., LA), and a, b E E; if aLkb is equivalent to aL:b, for each k = 1,. . . ,n, 
then aLb is equivalent to aL’b. 
Then F is a projection. 
Here is the relationship with the projection property presented in Section 2. 
Introduce for each pair u = {a, b} of distinct elements of E, the equivalence relation 
=U defined by L +, L’ if L and L’ coincide on u (that is more formally: aLb if and 
only if aL’b). Consider the relational structure .!Z on PC,) consisting of the family of 
all +, that is &! := (PCmJ,(-U,u E I)) where I is the set of pairs of distinct elements 
of E. The independence condition simply means that F preserves each +,, that is F is 
a relational homomorphism from the direct power 9’” into 9. Once this condition is 
satisfied, the unanimity condition is equivalent to the seemingly weaker condition that 
F is idempotent. Thus, Arrow’s Theorem simply expresses that for m := [El 23, the 
relational structure B? defined above is n-projective for all n. 
Still highly desirable, the independence condition is not realistic. But then, what is an 
acceptable change of the collective preferences, under a change of the individual one? 
It seems to us natural to accept ‘continuous’ changes, meaning that ‘small’ changes 
of the individual preferences cannot lead to ‘big’ changes of the collective one. If 
we pay attention to the order between candidates rather than to their rank, the least 
change which can be made in a preference list is, obviously, to invert the order of two 
consecutive candidates. This leads to consider at least three other types of relations 
among linear orderings: 
1. L +’ L’ if L and L’ coincide on every pair {a’, b’} distinct from the pair u = {a, b}; 
2. L Gi L’ if they differ at most on the ith and (i + 1 )th position (i = 0,. . . m - 1) (e.g. 
1<2<4<5<3~~1<4<2<5<3); 
3. L N L’ if they differ by at most one comparison (that is L =’ L’ for some u or 
equivalently L Zi L’ for some i). 
Associated with 1 and 2 are the relational structures 2’ := (PC,,, (=‘, u E I)), B := 
(PC,,, (-j, i = 0,. . . m - 1)) and with 3, B := (Pc~),N), that is the permutahedron as 
defined in Introduction. Let us look at maps preserving each type. Since the &‘ and 
Ei’s, as well as the E~‘s, are equivalence relations, the Cartesian, Hamming and affine 
morphisms coincide. Hence, for each of the corresponding structures, the three notions 
of projectivity hold or fail together. Since Y is the set-union of the +“s as well as 
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the -i’s, then, from our observation in Section 2, the affine projectivity of 9’ implies 
the projectivity of 9’ and 2. As it is easy to see, the +’ and the =,,‘s generate the 
same lattice of equivalences on P, hence, they are preserved by the same operations. 
From this, it follows that the projectivity 9’ amounts to the projectivity of 3. Hence, 
the affine projectivity of P implies the projectivity of 9. As already said, the latter 
fact is Arrow’s theorem, the former our Theorem 1.1, which is then a generalization. 
The projectivity of $8 was obtained directly by Abels [l]. It is not clear to us that it 
follows from the projectivity of & (or implies it). The operations preserving the -,‘s, 
(i = 0,. . . , m - l), can be quite different from those preserving the sU’s (e.g the map 
L+L-’ transforming each order in its reverse preserves all the str but not the --i’s, 
whereas each permutation of E induces a transformation of P which preserves all the 
-;‘s). The fact that the idempotent ones are the same is not apparent, even less that 
there are projections. 
The projectivity of 99 is a counterpart to Arrow’s theorem. Indeed, the concept of 
linear order mixes two different ideas: comparability, that is an element a is before 
some element 6, and position, that is an element a is at the ith place. These two ideas 
occur inevitably when one has to express preferences between objects. When these 
preferences are based on the first idea, the transformation of the individual preferences 
into a collective one leads to Arrow’s theorem. For us, the projectivity of 9Y is where 
it leads when these preferences are based on the second idea. 
If, as we have shown, the alline projectivity of 9’ includes these two facts, one can 
ask whether the notion of affine morphism is a reasonable concept in term of social 
choice. It seems to be. Indeed, suppose that the members of the committee wrote their 
preference lists, but for some reason, a group of members K C{ 1,. . . , n} having made 
the same list say L, change their mind on two candidates a and b consecutive on their 
list, and the others stick to their choice. How will this affect the collective preferences‘? 
At first glance, a natural answer is: on the comparison of a and b. But if this holds 
for all one-element subsets K of { 1,. . . , n}, this says that the process preserves all 
the 9’s hence, as already mentioned, the E~‘s, thus such an answer amounts to the 
independence condition (in retrospect, the independence condition was not so disputable 
after all). If this seems to be a too strong requirement, then a plausible answer is that 
the collective preferences will differ by at most one comparison, but not necessarily 
on a and b. This amounts to say that the collective process is an affine morphism. 
The fact, stated in Theorem 1.1, that such a process is still a projection, leads to the 
conclusion that if a non-dictatorial process obey to the unanimity rule, then some 
small changes in the individual choices of the committee members can produce big 
eflects in the result. Surprising? 
5. Some questions 
Our proof of the affine projectivity of the permutahedron uses elementary tools (a 
bit too technical), but explains nothing. Our hope is that other tools will be more 
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illuminating. One can think of homological algebra (as it was used by Delhomme [ 131 
for discrete structures and by Chichilnisky for continuous structures [7,8]). 
One can also ask more. We said above that, without dictatorship, small changes can 
produce big effects. How big? 
Let us examine this question in terms of graph metric. Let 9 and 9’ be two graphs, 
equipped with their graphic-distances dy and dyj. A map f : 9 + $9’ is k-Lipschitz 
if dgr( f (x), f(y)) d k x dy(x, y) for all vertices X, y of ‘9. This amounts to dyf (f (x), 
f(y)) < k whenever x and y form an edge. Hence f is I-Lipschitz if and only if f 
is edge-preserving (provided that the graphs are considered as reflexive). 
Problem. Let m be an integer, P := PC,,,, and F be a map from P” into P. Suppose 
that F is idempotent and symmetric. 
(a) Evaluate the least k for which F, as a map from qA”, the afJine power of the 
permutahedron, into 9, is k-Lipschitz. 
(b) Same question with 9O”, the Hamming power, instead of the afJine one. 
The hypothesis that F is symmetric is a simple way of avoiding dictatorship. If m > 3, 
then Theorem 1.1 gives k 32 in instance (a) of this problem. This can be obtained 
directly. The permutahedron 9 retracts on some six-element cycle V; if Y is such a 
retraction then r o F induces an idempotent and symmetric map from qA” into V. Since 
9 is affine projective, this map is not edge preserving, hence F is not edge-preserving, 
proving k 22. We do not know whether k depends on n. For instance (b), the situation 
is different, k certainly depends on n and if n is large comparatively to m then k = 1 
is possible, that is ‘continuous’ processes exist whenever the number of voters is large 
enough. Indeed, from the observation made by Delhomme and recalled in Section 2, 
this holds whenever n 22(m!) - 1, but this bound is too large to be of practical value 
in most of the applications. 
Two other directions seem worth mentioning. One has to do with probabilities. In- 
deed, instead of rejecting the existence of a dictator as an unlucky fact, one can view 
it, more positively, as an instance of the fact, well known to pollsters, that the opinion 
of a large group of people can be represented by a small group; a fact analyzed by 
several statistical methods. This suggests to put some structure on the set of voters, 
and particularly some probability measure. In fact, Arrow’s theorem has already been 
proved directly along this line (define a collection @ of subsets of the voters and show 
that it forms an ultrafilter; the number of voters being finite, @ is generated by a single 
element, this is the dictator [30]). But, to our best knowledge, these two approaches 
have not been linked together. Notice also that probability distributions can be put on 
the collection of linear ordering [3]. The other one is Ramsey theory. Indeed, the ideas 
behind Ramsey theory are that some regularities necessarily arise in large configura- 
tions and such regularities lead to very special configurations. One can see Arrow’s 
impossibility theorem as an instance of this last part and, also, note that the notion 
of affine morphisms relies on the notion of combinatorial line, the basic ingredient of 
Hales-Jewett partition theorem [ 171. 
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There are other areas than social science where choice functions play a role (e.g. 
parallel computing, for a recent one). If this might justify some abstract research on 
this theme, more mathematical examples are needed. 
At the Bielefeld Conference in Combinatorics (November 1990) Abels suggested that 
Tits buildings were good candidates. The results he obtained are reported in [l], this 
volume. Let us briefly mention that one can view a building V as a binary relational 
structure, consisting of a set V, and some binary relations zi, i E I. The index set I is 
the set of generators of the Coxeter system on which the building is defined; the binary 
relation pi - in fact, an equivalence - is the i-adjacency. To %? we may associate 
a reflexive and undirected graph, two vertices x and y being linked by an edge if 
they are i-adjacent for some i E 1. The graphic distance, in this case, is the gallery 
distance. A basic example in building theory is the Coxeter system consisting of the 
symmetric group Y(m) on { 1,. . . , m} and transpositions si of i,i+l for i = l,...,m-1 
as generators. The corresponding relational structure is 3 whereas the graph is 9 (see 
[6] for buildings). 
Abels proved that a building is projective whenever its Coxeter complex is projective 
and for that, it sufices that the Coxeter diagram is connected, its rank is at least 2 
and all Coxeter numbers are finite. 
We joined efforts on the following problem on which we hope to report soon. 
Problem. Let % be a building: 
Are the following properties equivalent? 
1. V equipped with the gallery distance is n-a&me projective for each integer n. 
2. %? equipped with the collection of i-adjacencies, is 2-projective; 
3. The Coxeter diagram of %? is connected, its rank is at least 2 and one Coxeter 
number, at least, is jinite. 
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